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ABSTRACT 
Position Independent Geometric Errors (PIGEs) of rotary axes, which are caused by imperfections during 

assembly of machine tools, are proved to be a major error source of a five-axis machine tool. In this paper, a 

PIGEs characterisation method using a Double Ball Bar (DBB) is proposed. The method is used to characterise 

the PIGEs based on the coordinated motion involving linear and rotary axes of a five-axis machine tool. Based 

on the machine tool kinematic topological structure and the screw theory, the comprehensive error model of the 

machine tool is established and the decoupling of PIGEs is realized. This method does not require the definition 

of local coordinate frames, which greatly simplifies the machine tool modeling process. The DBB is employed 

as the data sampling tool to capture the error information during the coordinated motion. The PIGEs are 

calculated based on the machine tool comprehensive error model and simulated with a Matlab program. Using 

the machine inverse kinematics, the machine tool is compensated for by the error values. The effectiveness of 

the proposed characterisation method is proved by the compensation results.  

 

Key words: Five-Axis Machine Tool: Geometric Errors: Double Ballbar: Screw Theory 

1. INTRODUCTION 
Five-axis machine tools are widely used to machine complex geometries [1]. However, the accuracy of machine 

tool motion is affected by a vast number of errors [2], among which geometric errors are one of the main impact 

factors [3]. Geometric errors are comprised of Position Dependent Geometric Errors (PDGEs) and Position 

Independent Geometric Errors (PIGEs) [4, 5]. PDGEs are generated during the movement of the machine tool. 

Whilst PIGEs stem from faulty assembly of machine components, which cause errors in the position and 

orientation of the nominal motion trajectories [6]. Also, manufacturing defects in the kinematic parts of a 

machine tool can result in PIGEs. Therefore, PIGEs are considered to be the predominant influence of machine 

tool inaccuracy. 

 

To eliminate or reduce the above errors, many researchers have carried out a great number of studies to model 

and measure the PIGEs. Machine tool error modeling is the process of constructing the mapping relationships 

between machine tool errors and tool poses, which is the theoretical basis for precision design and error 

compensation [7]. Common mathematical tools for the expression of tool poses include quaternion, vector 

differential method, Homogeneous Transformation Matrix (HTMs) [8], multi-body frame method [9], D-H 

(Denavit-Hartenberg) method based on robot kinematics [10], differential transformation method [11] , neural 

network method [12], screw theory [13], exponential product formula [15] etc. Compared with the traditional 

machine tool modeling methods, screw theory modeling has the following advantages. All motion matrices are 

defined in the machine coordinate frame (MCF), which does not require local framework designation, thus 

significantly simplifying the modeling process. Screw theory can give a clear analytical solution for the machine 

tool kinematics, which is capable of machine tool kinematics analysis and error compensation [13,16]. 

Therefore, this paper uses the screw theory to represent the motion of the linear and rotary axes and their errors.  

 

Many research work has been carried out for the identification of geometric error of five-axis machine tools. 

Various measuring instruments have been developed for geometric error identification including double ball bar 

(DBB) [17], R-test [18], Cap ball [19], touch trigger probe [20], and tracking interferometer [21,22]. Among 
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them, the DBB is considered to be an ideal geometric error detection tool because of its short measurement time 

and simple measurement procedure. 

 

In summary, it is necessary to carry out the coordinated motion experiment between the linear and the rotary 

axes. Based on this, this paper proposes a serial of experiments and the error decoupling process. The PIGEs of 

the five-axis machine tool were obtained, and the effectiveness of the decoupling method was verified by 

comparing the machine tool accuracy before and after compensation. 

  

2. MODELING BY THE SCREW THEORY 
2.1  Modeling of kinematic pairs 

The basic unit of kinematic modeling based on the screw theory is the screw motions 𝑒 𝝃̂𝜃. Consider a rigid body 

moves from one position to another, the kinematic screw motion consists of two sub-movements: a rotation 

about an axis and a translation along the axis direction. Therefore, each screw motion expression consists of a 

twists 𝝃 and a motion amount θ. The screw motion is called the twists 𝝃, which describes the instantaneous 

velocity of the rigid body with linear and angular components [13,16]. Therefore, the twist 𝝃 can be expressed 

as:  

𝝃 = [
𝐯
𝛚

] , 𝐯 = 𝐪 × 𝛚                    (1) 

 

where ω is the unit vector in the positive direction of the axis of rotation. q is a random point located on the 

axis, which is represented in the MCF. 

 

The matrix form of the screw motions of the rotary axis is shown in Eq. 3. 

 

𝑒 𝝃̂𝜃 = [
𝑒ω̂𝜃 (𝐈3×3 − 𝑒ω̂𝜃)( 𝛚 × 𝐯) + 𝛚𝛚T𝐯𝜃 

01×3 1
] (2) 

 

𝑒ω̂𝜃 = 𝐈3×3 + 𝛚̂ · sin 𝜃 + 𝛚̂2 · (1 − cos 𝜃)          (3) 

 

where θ is the angle of rotation. 

 

In a five-axis machine tool scenario, a typical example of the C-axis can be given.  ω is [0 0 1]T, q can take 

a random point on the C-axis. According to the machine structure shown in Figure 1, q is set to coincide with 

the origin of the MCF, so 𝐪 = [0 0 0]T. 

 

Therefore the screw of the C-axis can be given as 

 

𝑒ω̂𝑪𝜃𝐶 = 𝐈3×3 + 𝛚̂𝑪 · sin 𝜃𝐶 + 𝛚̂𝑪
2 · （1 − cos 𝜃𝐶 ） 

       = 𝐈3×3 + [
0 −1 0
1 0 0
0 0 0

] · sin 𝜃𝐶   

+ [
0 −1 0
1 0 0
0 0 0

]

2

· (1 − cos 𝜃𝐶) 

       = [
cos 𝜃𝐶 − sin 𝜃𝐶 0
sin 𝜃𝐶 cos 𝜃𝐶 0

0 0 0

]           (4) 

     𝑒 𝝃̂𝑪𝜃𝐶 = 

[
𝑒ω̂𝑪𝜃𝐶 (𝐈3×3 − 𝑒ω̂𝑪𝜃𝐶)( 𝛚𝐶 × 𝐯) + 𝛚𝐶𝛚𝐶

T𝐯𝜃𝐶  

01×3 1
] 

                = [

cos 𝜃𝐶 − sin 𝜃𝐶 0 0
sin 𝜃𝐶 cos 𝜃𝐶 0 0

0 0 0 0
0 0 0 1

]         (5) 
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For the linear axes, the matrix form of the screw motions is  

 

𝝃 = [
𝐯
0

] , 𝑒 𝝃̂𝜃 = [
𝐈3×3 𝐯 · 𝜃
01×3 1

]            (6) 

 

where v is the unit vector in the positive direction of the linear axis motion. θ is the amount of movement of the 

linear axis. Take the X-axis as an example, the screw motion can be given as 

 

v = [
1
0
0

] , 𝜃 = 𝑥 

𝑒 𝝃̂𝑿𝜃𝑋 = [
𝐈3×3 𝐯𝑿 · 𝜃𝑋

01×3 1
] = [

1 0 0 𝑥
0 1 0 0
0 0 1 0
0 0 0 1

]  (7) 

 

2.2  Error modeling 

Based on the screw theory, the modelling process of the geometric errors is established. 

 

The ideal position of the motion of a particular motion axis is 𝑃𝑙 . The perfect unit direction vector of the axis is 

𝛚𝑙. However, during the actual movement of the machine tool, due to the geometric error, the axis may move to 

the actual position P. There is also a angular error 𝜃𝑒 causing rotational deviations. The ideal twists 𝝃𝑙 and the 

actual twists 𝝃 expressions are given in Eqs. 8 and 9 

 

𝝃𝑙 = [𝐪𝑙 × 𝛚𝑙 𝛚𝑙]T                    (8) 

𝝃 = [𝐪 × 𝛚 𝛚 ]T                     (9) 

 

The deviation from the ideal twists 𝝃𝑙 to the actual twists 𝝃 can be considered as the result of a helical motion 

𝝃̂𝒆𝜃𝑒, including a rotation around the axis which is perpendicular to the actual axis and the reference axis and a 

translation of a distance 𝑙 along the common perpendicular of the actual axis and the reference axis. The 

parameters 𝜃𝑒 and 𝑙 are the angular error and position error of the motion axis. 

 

The calculation process of the error twists 𝝃𝑒 = [𝐯𝑒 𝛚𝑒]T is given as: 

𝛚𝑒 =
𝛚𝑙 × 𝛚 

sin 𝜃𝑒

, ℎ𝑒 =
𝑙

𝜃𝑒

=
|𝐪 − 𝐪𝑙|

𝜃𝑒

            (10) 

𝐯𝑒 =
𝐪 × (𝛚𝑙 × 𝛚) 

sin 𝜃𝑒

+ ℎ𝑒

𝛚𝑙 × 𝛚 

sin 𝜃𝑒

                          

            =
𝐪𝑙 × 𝐪

𝑙
+

𝐪 − 𝐪𝑙

𝜃𝑒

                               (11) 

When 𝜃𝑒 = 0, the actual axis is parallel to the ideal axis. The error twists describe the position error, which 

can be expressed as: 

𝝃𝑒 = [

𝐪 − 𝐪𝑙

𝜃𝑒

0

]                          (12) 

When 𝑙 = 0, the actual axis intersects the ideal axis. The error twists describe the angular error, which can 

be expressed as: 

𝝃𝑒 = [
𝐯
𝛚

] = [
𝐪 × (𝛚𝑙 × 𝛚) 

sin 𝜃𝑒

𝛚𝑙 × 𝛚 

sin 𝜃𝑒

]
T

   (13) 

The error twists modeling process is illustrated by taking the C-axis as an example. 𝐸𝐴0𝐶 is orientation 

error of the C-axis in the A-axis. q is any point on the C-axis. Therefore, this point is difined at the origin of the 

C-axis coordinate frame. 

In Eqs.10 and 11, 𝛚𝑒 and 𝐯𝑒 can be expressed as: 

𝛚𝑒 = [0 1 0]T                     (14) 
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𝐯𝑒 = 𝐪 × 𝛚𝑒 = [

O𝑐𝑥

O𝑐𝑦

O𝑐𝑧

] × [
0
1
0

]             (15) 

Then the error twists 𝝃𝑒 = [𝐯𝑒 𝛚𝑒]T is obtained. Other geometric errors can also be modeled by this 

method. 

 

3.3  Machine modeling 

In this paper, the experiment is carried out on a DMU 80T five-axis machine. The five-axis machine tool 

kinematic chain can be divided into two parts: the tool chain and the workpiece chain. The tool chain is the 

kinematic chain from the tooltip to the MCF, and the workpiece chain is the kinematic chain from the workpiece 

to the MCF. The positive direction of the motion axis on the tool chain side is set to the right-hand screw in the 

same direction, and the positive direction of the motion axis on the workpiece chain side is set to the reverse of 

the right-hand screw [16]. Therefore, for the machine tool structure shown in Figure 2, the two kinematic chains 

are as shown in Eqs.16 and 17 [16]. 

 

 g𝑏𝑡 = 𝑒 𝝃̂𝑿𝜃𝑋 · 𝑒 𝝃̂𝒀𝜃𝑌 · 𝑒 𝝃̂𝑩𝜃𝐵 · g𝑏𝑡(0)        (16) 

g𝑏𝑤 = 𝑒−𝝃̂𝒁𝜃𝑍 · 𝑒−𝝃̂𝑪𝜃𝐶 · g𝑏𝑤(0)           (17) 

 

where g𝑏𝑤(0) and g𝑏𝑡(0) are the inceptive 4×4 motion matrices of the workpiece and the tool tip relative to the 

MCF [16]. 

 

By premultiplying the error twists, taking the C axis as an example, the PIGEs are expressed as 

 

𝑒 𝜉̂𝑒𝐶
𝐼

 
𝜃𝑒𝐶

𝐼
 · 𝑒 𝝃̂𝑪𝜃𝐶 = 𝑒 𝝃̂𝐸𝑋0𝐶

𝐸𝑋0𝐶 · 𝑒 𝝃̂𝐸𝑌0𝐶
𝐸𝑌0𝐶 · 𝑒 𝝃̂𝐸𝐴0𝐶

𝐸𝐴0𝐶 · 𝑒 𝝃̂𝐸𝐵0𝐶
𝐸𝐵0𝐶 · 𝑒 𝝃̂𝑪𝜃𝐶                  (17)  

        

Combine the Eqs.16 and 17, the PIGEs error model of the five-axis machine tool are given as Eqs.18,19 

and 20. 

g𝑏𝑡
𝑒 = (𝑒 𝝃̂𝑒𝑋

𝐼
 
𝜃𝑒𝑋

𝐼
 · 𝑒 𝝃̂𝑿𝜃𝑋) · (𝑒 𝝃̂𝑒𝑌

𝐼
 
𝜃𝑒𝑌

𝐼
 · 𝑒 𝝃̂𝒀𝜃𝑌) · (𝑒 𝝃̂𝑒𝐵

𝐼
 
𝜃𝑒𝐵

𝐼
  

· 𝑒 𝝃̂𝑩𝜃𝐵) ·  g𝑏𝑡(0)                           (18)    

g𝑏𝑤
𝑒 = (𝑒 𝝃̂𝑒𝑍

𝐼
 
𝜃𝑒𝑍

𝐼
 · 𝑒−𝝃̂𝒁𝜃𝑍) · (𝑒 𝝃̂𝑒𝐶

𝐼
 
𝜃𝑒𝐶

𝐼
 · 𝑒−𝝃̂𝑪𝜃𝐶) · g𝑏𝑤(0)                                   (19) 

g𝑤𝑡
𝑒 = g𝑤𝑏

𝑒 · g𝑏𝑡
𝑒 = (g𝑏𝑤

𝑒 )−1 · g𝑏𝑡
𝑒               (20) 

It should be noted that this modeling method is equally applicable to the other two five-axis machine 

structures. 

3. EXPERIMENTAL DESIGN 
According to the structure of the DMU 80T machine tool, the linkage experiment between X-axis and C-axis is 

designed. According to the X-axis stroke of the machine tool, the DBB with 50mm extension bar is selected. In 

the experiment, the X-axis performs a linear motion of +250-+50, and the C-axis performs a rotary motion of 

0°-360°. As shown in Figure 1, the MCF is defined on the axis-line of C-axis. 

 

{MCF}
X

Y
Z

X-axis movement

C-axis rotation
O

 
Fig.1 X-axis and C-axis linkage experiment 

In order to ensure that the length of the DBB is constant, the connection between the X-axis displacement X and 

the C-axis rotation angle 𝜃𝐶 is given as Eq.21. 
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X = √150² − (100 sin 𝜃𝐶 
)² + 100cos 𝜃𝐶   (21) 

 

Using the screw theory, the trajectory of the tool tip point relative to the workpiece coordinate frame during the 

experiment is modeled to obtain the motion trajectory.  

 

g𝑤𝑡
 

 = (𝑒−𝝃̂𝒁𝜃𝑍 · 𝑒−𝝃̂𝑪𝜃𝐶 · g𝑏𝑤(0))−1 · 𝑒 𝝃̂𝑿𝜃𝑋 · 𝑒 𝝃̂𝒀𝜃𝑌 · 𝑒 𝝃̂𝑩𝜃𝐵 · g𝑏𝑡(0)                            (22) 

 

Among them, because the X-axis and C-axis motions are involved in the experiment, the matrix forms of the Y-

axis rotation 𝑒 𝝃̂𝒀𝜃𝑌, the B-axis rotation 𝑒 𝝃̂𝑩𝜃𝐵  and the Z-axis rotation 𝑒−𝝃̂𝒁𝜃𝑍 are all unit matrices. The matrix 

form of the X-axis rotation and the C-axis rotation is expressed as: 

𝑒 𝝃̂𝑪𝜃𝐶 = [

cos 𝜃𝐶 − sin 𝜃𝐶 0 0
sin 𝜃𝐶 cos 𝜃𝐶 0 0

0 0 1 0
0 0 0 1

] 

𝑒 𝝃̂X𝜃X = [

1 0 0 X
0 1 0 0
0 0 1 0
0 0 0 1

] 

g𝑏𝑡(0) = [

1 0 0 100
0 1 0 0
0 0 1 100
0 0 0 1

] 

g𝑏𝑤(0) = [

1 0 0 250
0 1 0 0
0 0 1 100
0 0 0 1

] (23) 

The position of the tool tip point relative to the workpiece coordinate frame is given as: 

g𝑤𝑡
 

· [

0
0
0
1

] = [

250cos𝜃𝐶 + Xcos𝜃𝐶 − 100
Xsin𝜃𝐶 + 250sin𝜃𝐶

0
1

](24) 

To achieve an accurate record of the DBB, the X-axis and the C-axis is moved at the same time. Therefore, the 

two-axis motion is realized by equally dividing the X-axis and the C-axis by the trajectory. 

X

Y

θ 

150

-150

100

50

-50

-100

0

150-150 10050-50-100 0

 
Fig.2 X-axis and C-axis linkage trajectory 

 

As shown in Figure 2, the simulated trajectory is a circle, which is equally divided according to the angle. The 

coordinate of the equidistant points to the angle θ should be (150cos𝜃 ，150sin𝜃 ). At the same time, the 

coordinates of the equidistant points are (250cos𝜃𝐶 + Xcos𝜃𝐶 − 100，Xsin𝜃𝐶 + 250sin𝜃𝐶). 

{
150cos𝜃 = 250cos𝜃𝐶 + Xcos𝜃𝐶 − 100
150sin𝜃 = Xsin𝜃𝐶 + 250sin𝜃𝐶

        (25)      

 

The connection between θ and 𝜃C is established, then calculating the 𝜃C which is corresponded to the equidistant 

points, and the X coordinate is obtained. 
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cot 𝜃C = −
150cos𝜃 + 100

150sin𝜃
                       (26) 

 

Through the formula, the connection between the linkage trajectory angle and the C-axis rotation angle is 

obtained. According to this, the G code can realize the uniform motion of the X-axis and the C-axis.  

4. EXPERIMENTAL ENVIRONMENT 
Calibrating the DBB spindle tool cup and the pivot tool cup. Place the base of the DBB on the centimeter, and 

use the probe to detect the position of the DBB pivot on the C axis 0°, X-axis +100, Y-axis +0 position. If the 

position deviates, it can be corrected by adjusting the platform. The spindle tool cup is tested with a dial gauge 

to ensure accurate and reliable experimental results. 

5. EXPERIMENT RESULTS AND DISCUSSION 
The six PIGEs included in the X-axis and C-axis experiments were decoupled by the experiment results shown 

in Figure 3.a , which is from the X-axis and C-axis experiments. 

 
                                          a                                       b 

Fig.3 experimental data (a the X-axis and C-axis, b the Y-axis and C-axis) 

 

During the experiment, only the X-axis and C-axis motions，and there are total six PIGEs which involved in 

XC linkage experiment. 

g𝑤𝑡
𝑒 = (𝑒 𝝃̂𝑒𝐶

𝐼
 
𝜃𝑒𝐶

𝐼
 · 𝑒−𝝃̂𝑪𝜃𝐶) · g𝑏𝑤(0))−1 · (𝑒 𝝃̂𝑒𝑋

𝐼
 
𝜃𝑒𝑋

𝐼
 · 𝑒 𝝃̂𝑿𝜃𝑋 ·  g𝑏𝑡(0))                            (27) 

𝐿𝐷𝐵𝐵 =∥ g𝑤𝑡
𝑒 · [0 0 0 1]T ∥             (28)  

𝐿𝐷𝐵𝐵 is the length data measured by the DBB. 

 

By substituting the length data measured by the DBB, an overdetermined equation group can be constructed. 

Using the pseudo inverse function, the over determined equations are solved, then the six PIGEs in the XC 

linkage expreriment are obtained. 

 

Similarly, the YC linkage experiment can also be performed by the above method. Using the screw theory, the 

YC linkage expreriment modeling is established. 

g𝑤𝑡
𝑒 = (𝑒 𝝃̂𝑒𝐶

𝐼
 
𝜃𝑒𝐶

𝐼
 · 𝑒−𝝃̂𝑪𝜃𝐶) · g𝑏𝑤(0))−1 · (𝑒 𝝃̂𝑒𝑌

𝐼
 
𝜃𝑒𝑌

𝐼
  

· 𝑒 𝝃̂𝒀𝜃𝑌 ·  g𝑏𝑡(0))                         (29) 

 

The results of the YC linkage experiment are shown in Figure 10.b. Then the six PIGEs is decoupled, which are 

included in the YC linkage experiment. 

 

Through decoupling, the author obtained six PIGEs values in the XC, YC linkage experiments, as shown in 

Table 2. 
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Table 2 PIGEs values 

XC YC 

PIGEs Values PIGEs Values 

𝐸X0C(μm) 32.35 𝐸X0C(μm) 35.95 

𝐸Y0C(μm) 47.69 𝐸Y0C(μm) 52.27 

𝐸A0C(μrad) -5.2 𝐸A0C(μrad) -4.1 

𝐸B0C(μrad) -1.6 𝐸B0C(μrad) -2.3 

𝐸B0X(μrad) 1.6 𝐸A0Y(μrad) 2.3 

𝐸C0X(μrad) 21.6 𝐸C0Y(μrad) 19 

 

In the XC and YC linkage experiments, the C-axis motion is involved simultaneously, and both can detect the C-

axis PIGEs values. Because the XC and YC experiment are affected by factors such as machine temperature 

[23-25], the measured C-axis PIGEs values are slightly different. The deviation is shown in Figure 4. 

 

 
Fig.4 C-axis PIGEs deviation (a position  error, b orientation error) 

 

The decoupled PIGEs values are put into the machine model to compensate the machine tool error.  

6. CONCLUSIONS 
The five-axis machine tool PIGEs model was constructed using the screw theory. Experiments on the linkage 

between the rotary axes and the linear axes, through the mathematical model, make the linear axis and the rotary 

axis move at a constant speed. The PIGEs in the two-axis linkage experiment were decoupled and compensated 

by the decoupled PIGEs. The effectiveness of the decoupling method is verified by paying the front and rear rod 

length data. The proposed error detection method provides a new and efficient detection method for the periodic 

inspection of machine tools. 
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